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Non-integrability of the Ω-deformation
Kostas Filippas∗
Department of Physics, Swansea University, Swansea SA2 8PP, United Kingdom
We study integrability on the supergravity vacuum dual to the field theoretical Ω-deformation of
N = 4 super Yang-Mills theory. The deformation manifests itself as turning on a Kalb-Ramond field
on the (Euclidean) AdS5×S
5, while the associated H3 flux ignores half of the geometric isometries.
By constructing appropriate string embeddings that incorporate the essential H3 flux contribution
on this background, we study their fluctuations through the associated Hamiltonian systems. Each
and every case demonstrates that the string exhibits non-integrable dynamics, which in turn suggests
that the Ω-deformation does not preserve classical integrability.
INTRODUCTION
Integrability possesses a prominent role in field theory,
providing a rich variety of conserved quantities and, at
the same time, informing us of the theory being solv-
able for all values of its coupling constant, [1–3]. Since
holography relates the worldsheet of the superstring to
a quantum field theory, spotting integrable field theo-
ries has largely become a matter of studying the various
backgrounds in string theory. Nevertheless, integrable
structures are relatively rare and hard to find. This is
due to integrability relying on the existence of a Lax con-
nection on the cotangent bundle of the theory, while no
systematic way of building such a connection is available
to date. In fact, there is not even an apparent reason to
decide whether a Lax connection exists or not in the first
place, except if we are already aware of the theory be-
ing non-integrable. In this sense, integrable theories are
mainly obtained by structure-preserving deformations of
well-known integrable models, [4–7].
Through the subjective constraints of the methods of
integrability, analytic non-integrability emerges in a di-
alectic way. Considering worldsheet embeddings in string
theory, differential Galois theory through Kovacic’s the-
orem [8] acts on their associated Hamiltonian systems
producing a statement about the (non-) integrability of
their structure, [9–20]. Since an integrable theory ex-
hibits its homonymous property universally, even a sin-
gle non-integrable sector of the associated supergravity
background − corresponding to a particular string em-
bedding − is enough to declare the whole theory as non-
integrable.
On another approach [21–24], S-matrix factorization
on the worldsheet theory produces certain conditions of
non-integrability, while quite recently a reconciliation be-
gan to arise between both non-integrability tools, [25].
A particular supergravity background which deserves
the attention of our non-integrability methods was re-
cently discovered in [26]. Neglecting an unimportant
warp factor, this background is the holographic dual of
the four-dimensional, Ω-deformed N = 4 super Yang-
Mills (SYM) theory. In the same vein of the supergrav-
ity realization of the Ω-deformation, a similar study was
also recently performed in [27]. Ω-deformation was orig-
inally introduced in [28] as a method of calculating the
path integral of four-dimensional N = 2 gauge theories,
through supersymmetric localization. Since then, the de-
formation and its associated Nekrasov partition function,
have produced numerous exact results on supersymmet-
ric quantum field theories on curved manifolds, as well
as having laid the foundations for both the Nekrasov-
Shatashvili [29] and the AGT [30] correspondences. The
background we consider is a deformation of AdS5×S5 in
type IIB theory that preserves 16 supercharges, while
the Ω-deformation manifests itself in this dual gravity as
turning on a Kalb-Ramond field (and a C2 RR form). In-
terestingly, the associated H3 flux inter-binds the whole
geometry and breaks part of the bosonic symmetries of
AdS5×S5, both being facts that make this background
intractable to classic integrability methods.
The study of non-integrability on this particular back-
ground is of interest, since there are significant sugges-
tions linking integrable structures and the Ω-deformation
in the present literature. In particular, a connection has
been established between the Ω-deformed N = 2 gauge
theory and quantum integrable Hamiltonian systems, see
[29–32] or the more recent [33]. Similar work has been
done, [37, 38], on a string theory realization [34–36] of
the Ω-deformation, where the resulting models were as-
sociated with the TsT subclass of the Yang-Baxter defor-
mation. Considering all these integrable aspects of the
Ω-deformation, an indication of non-integrability would
consequently suggest an interesting antithesis, worthy of
further study.
In this letter, after a complete symmetry analysis
on the ten-dimensional Ω-deformed supergravity back-
ground, we accordingly construct string embeddings that
are dynamical on the asymmetric directions. We do so,
in order to have a better chance to spot non-integrable
behavior. We then find simple solutions on the equations
of motion and let the string fluctuate around them, along
each dimension. As it turns out, in each case, one of the
fluctuations exhibits a non-Liouvillian solution in terms
of the Bessel function of the first kind, yielding the clas-
sical non-integrability of our embedding and, therefore,
of the whole background under consideration.
2THE SUPERGRAVITY SOLUTION
The supergravity background dual to the Ω-
deformation of N = 4 SYM at the conformal point was
introduced in [26]. Neglecting the existence of a warp
factor [44] which we can set, along with the radii of the
space, to unity we obtain the vacuum
ds2 =
d~x24 + dz
2
z2
+ dθ2 − sin2 θ dφ2 + cos2 θ dΩ23
B2 = igsC2 = −βe
−φ sin θ
4z
(dx1 ∧ dx2 + dx3 ∧ dx4)
F5 = − i
gs
(1 + ⋆10) d
(
1
z4
)
∧ vol4 eΦ = gs
(1)
where gs is the string coupling and vol4 the volume of the
R4 subspace. β ∈ R+ is the deformation parameter in
the dual field theory, which was identified with the linear
combination ǫ1+ ǫ2 in [39, 40]. Thus, the Ω-deformation
manifests itself as turning on a Kalb-Ramond field (and
a C2 RR field) on the integrable H5 × dS5.
Since the internal space of the IIB background (1) is a
deformation of the five-dimensional de Sitter space, this
implies that the background is actually a solution of type
IIB* supergravity [41, 42]. Continuing as φ→ iϕ, we ob-
tain the Euclidean AdS5×S5. The vacuum preserves 16
supercharges and it is the supergravity dual of N = 4
SYM. Interestingly, the non-trivial H3 flux inter-binds
the geometric subspaces and breaks part of the bosonic
symmetries of AdS5×S5, both facts that make the back-
ground intractable to classic integrability methods.
While the geometry in (1) looks like a peculiar contin-
uation of AdS5×S5, on which the string dynamics could
be qualitatively questioned, it is not quite unfamiliar. In
fact, it was obtained in [43] by a double Wick rotation
on AdS5×S5 (in our notation w.r.t to the R4 time t ≡ x1
and φ), as a natural formulation on which the holographic
principle − for the Penrose limit − naturally associates
the bulk with the boundary. In particular, it was shown
that, for the BMN string on this geometry, the bulk-to-
boundary trajectories are interpreted as a tunneling phe-
nomenon and thus that the BMN boundary-to-boundary
correlations are holographically well defined.
SYMMETRIES OF THE BACKGROUND
Since the Ω-deformation is realized on the background
as a B2-field − that obviously does not respect part of
the geometric isometries − it is instructive to perform a
symmetry analysis on its associated H3 flux. Noting that
the geometry (1) is a product space and thus its Killing
vectors (KVs) are decoupled for the two subspaces, we
shall vary H3 separately along H
5 and dS5.
Hence, if K is a KV on H5, then the vanishing of the
Lie derivative LKH3 = 0 is solved for the vectors
KR12 = x1∂2 − x2∂1
KR34 = x3∂4 − x4∂3
KSCi = ∂i i = 1, ..., 4
(2)
namely two SO(4) rotations on R4 and the four SO(1,1)
special conformal Killing vectors [45] (SCKVs) on H5. As
far as the KVs of dS5 are concerned, the only non trivial
KV that leaves H3 invariant is
KB = e
−φ (cot θ cosα ∂φ + cosω1 ∂θ + tan θ sinω1 ∂ω1)
(3)
where ω1 is an angle in Ω3 of dS5 [46]. This rotation is
identified as an SO(1,1) boost of the SO(1,5) isometry.
The rest of the KVs of dS5 that preserve H3 are trivial,
namely the six SO(4) rotations of Ω3 inside dS5.
Note that the symmetry analysis on the background
(1) is of twofold interest. First, it reveals the action of
the Ω-deformation on the symmetry structure of the dual
supergravity. Most importantly for our non-integrability
method, though, it serves as a beacon on how to push our
bosonic string towards a less symmetric embedding, the
latter having a better chance to exhibit non-integrable
dynamics.
STRING DYNAMICS
The first embedding The bosonic string dynam-
ics emerges from the non-linear σ-model, in conformal
gauge,
SP =
1
4πα′
∫
Σ
d2σ ∂aX
µ∂bX
ν
(
gµνη
ab +Bµνǫ
ab
)
(4)
where the string coordinates’ Xµ(τ, σ) equation of mo-
tion is supplemented by the Virasoro constraint Tab = 0,
where the worldsheet energy-momentum tensor is given
by
Tab =
1
α′
(
∂aX
µ∂bX
νgµν − 1
2
ηabη
cd∂cX
µ∂dX
νgµν
)
(5)
with τ, σ being the worldsheet coordinates. Having dif-
ferential Galois theory in mind, we desire a string em-
bedding that produces second order, ordinary linear dif-
ferential equations of motion. This means that the string
coordinates must be Xµ = Xµ(τ) or Xµ = Xµ(σ). For a
closed string in type II theory, this translates into wrap-
ping the string around compact coordinates.
Since H5×dS5 is integrable, our chance to spot non-
integrable behavior lies along the H3 flux. Hence, most
importantly, our embedding should incorporate dynam-
ics along the H3 flow. The B2 field component(s) Bx1x2
3(and Bx3x4) is non-vanishing on the σ-model (4) only
for the choice − in these coordinates − x1 = x1(τ) and
x2 = x2(σ), or vice versa. However, such a σ-dependence
produces partial differential equations of motion for a
closed string and, thus, it must be excluded.
The resolution comes by changing our coordinates on
the R4 subspace of H5, from Cartesian to spherical, as
d~x24 = dr
2 + r2
(
dψ2 + sin2 ψ dχ2 + sin2 ψ sin2 χ dξ2
)
(6)
with the old coordinates depending on the new ones as
x1 = r cosψ
x2 = r sinψ cosχ
x3 = r sinψ sinχ cos ξ
x4 = r sinψ sinχ sin ξ
(7)
In this R4 subspace, we can choose the embedding r =
r(τ), χ = χ(τ), ξ = κσ, and ψ = π/2. Since H3 is
invariant under only two out of the six SO(4) rotations
of R4, we set ψ = π/2 but we leave χ = χ(τ) in order
to have some portion of R4 rotations that can bring the
equations of motion to the test. The same symmetry
analysis also showed that z is non-trivially involved in
H3 and thus we let z = z(τ).
As far as dS5 is concerned, we choose θ = θ(τ) and
φ = φ(τ) which also parametrize H3 non-trivially. The
Ω3 of dS5 with line element
dΩ23 = dω
2
1 + sin
2 ω1 dω
2
2 + sin
2 ω1 sin
2 ω2 dω
2
3 (8)
is not involved in the H3 flux, the latter being invariant
under its SO(4) rotations, and thus we set ω1 = ω2 =
π/2, while we wrap the string as ω3 = νσ to reinforce
the stringy character of the embedding. Indeed, both
wrappings − along ξ and ω3 − turn out to play a cru-
cial role in surfacing the full power of the H3 dynamical
contribution. Also, notice that having non-dynamical ωi
prevents the string soliton from boosting symmetrically
as in (3). Overall, the string embedding reads
r = r(τ) χ = χ(τ) ψ =
π
2
ξ = κσ z = z(τ)
θ = θ(τ) φ = φ(τ) ω1 = ω2 =
π
2
ω3 = νσ
(9)
where κ, ν ∈ Z. Translating the B2 field according to the
map (7) and the above embedding as
B2 = −βe
−φ sin θ
4
(
r sin2 χ dr ∧ dξ + r2 sinχ cosχ dχ ∧ dξ)
(10)
then the σ-model (4) on the embedding (9) reduces into
the Lagrangian density
L = −r˙
2 − r2χ˙2 + κ2r2 sin2 χ− z˙2
z2
− θ˙2 + sin2 θ φ˙2
+ ν2 cos2 θ − βκ e
−φ sin θ
2z
(
r sin2 χ r˙ + r2 cosχ sinχ χ˙
)
(11)
where the dot implies derivation w.r.t to the worldsheet
time τ . For our particular string embedding, the equa-
tions of motion for this Lagrangian are equivalent to
those of the σ-model and read
4r¨ = βκ e−φ r sin2 χ
(
z sin θ φ˙+ sin θ z˙ − z cos θ θ˙
)
−4 r (κ2 sin2 χ− χ˙2)+ 8r˙z˙
z
(12)
4rχ¨ = βκ e−φ r cosχ sinχ
(
z sin θ φ˙+ sin θ z˙ − z cos θ θ˙
)
− 4 rκ2 cosχ sinχ+ 8rχ˙z˙
z
− 8r˙χ˙
(13)
4zz¨ = −βκ e−φ rz sin θ sinχ
(
sinχ r˙ + r cosχ χ˙
)
+4 r2
(
κ2 sin2 χ− χ˙2)+ 4 (z˙2 − r˙2) (14)
4θ¨ = 2ν2 sin 2θ + βκ e−φ r cos θ sinχ(sinχ r˙ + r cosχ χ˙)
− 2 sin 2θ φ˙2
(15)
4 sin θ φ¨ = −8 cos θ θ˙φ˙ + βκ e−φ r sinχ(sinχr˙+r cosχχ˙)
(16)
These equations are constrained by the worldsheet equa-
tion of motion, i.e. the Virasoro constraint
2Tττ = 2Tσσ =
r˙2 + r2χ˙2 + κ2r2 sin2 χ+ z˙2
z2
− sin2 θ φ˙2
+θ˙2 + ν2 cos2 θ = 0
Tτσ = 0
(17)
The worldsheet energy-momentum tensor is conserved,
∇aT ab = 0, since ∂τTττ = ∂σTσσ = 0 on the equations of
motion (12)-(16). This compliance of the worldsheet con-
straints with the string coordinates’ equations of motion
yield, also, the consistency of our embedding.
Transforming into the Hamiltonian formulation, our
worldsheet theory reduces to a simple particle system
with conjugate momenta
pr = −2r˙
z2
− βκ e
−φ sin θ
2z
r sin2 χ , pz = −2z˙
z2
, pθ = −2θ˙
pχ = −2r
2χ˙
z2
− βκ e
−φ sin θ
2z
r2 sinχ cosχ , pφ = 2 sin
2 θφ˙
(18)
4and Hamiltonian density
H = − z
2
4r2
(
pχ +
βκ e−φ sin θ r2 sinχ cosχ
2z
)2
− z
2p2z
4
− z
2
4
(
pr +
βκ e−φ sin θ r sin2 χ
2z
)2
+
p2φ
4 sin2 θ
− p
2
θ
4
− κ2r2 sin2 χ− ν2 cos2 θ
(19)
Of course, Hamilton’s equations of motion on the above
system coincide with the Euler-Lagrange equations (12)-
(16). In this effective particle system, the masses are
determined by the geometry and they can be read off
through the kinetic terms. The string winding modes
manifest themselves as a non-trivial potential on the par-
ticle dynamics, while the Ω-deformation (i.e. theH3 flux)
is realized as a magnetic disturbance on the particle kine-
matics.
Before we proceed to analyze the dynamics, a crucial
comment is in place. Usually, in this kind of Hamil-
tonian analysis on a string embedding we have a well
defined equation of motion for the target space time,
which always gives the energy of the string as its first
integral and so on. Although not often emphasized,
this is essential for a string state to be holographically
associated with a dual operator, even if we don’t know
what that operator looks like. And we do desire a
consistent holographic realization of our embedding,
since we ultimately want to share the argument of (non-)
integrability with the dual field theory as well. Hence,
one should care about the validity of our embedding
(and of every other embedding for that matter) on
this kind of space. A first answer has already been
provided through [43], where the string trajectories on
the geometry (1) are shown to naturally realize the
holographic principle. The second argument has to do
with our particular formulation. The dual field theory
lives on R4, in which the target space time of our interest
lives, i.e. t ≡ x1. Since we have re-expressed R4 in the
spherical coordinates (7), then the radial coordinate r
should incorporate (Euclidean) time. Therefore, since
we do include r(τ) into our dynamics, through the
equation of motion (12), everything is in order and our
string should have a well-defined holographic realization.
A simple solution Next, we desire a simple solution
on the equations of motion, around which we can study
the fluctuations of the string. In that respect, regard-
less of having used the symmetries of the background to
simplify our embedding (towards a less symmetric trun-
cation), the equations of motion (12)-(16) still possess a
rich variety of simple solutions. However, not all of these
solutions are consistent with our particular embedding:
any consistent solution must also satisfy the worldsheet
constraint (17). Given, in turn, the set of the consis-
tent simple solutions, not all of those are actually useful
since not all of them permit fluctuations that include the
B2 field contribution on the dynamics. The latter be-
ing the only possible non-integrable deviation from the
integrable H5×dS5. The associated H3 flux dynamics
is reflected on the β-dependent terms in (12)-(16), thus
our simple solution should let those terms survive in our
fluctuating equations.
Under the above considerations, it turns out that there
is an infinite set of invariant planes that do the job, for
θ ∈ (π
4
, π
2
) ∪ (π
2
, 3π
4
) and χ ∈ (0, π). It may seem naively
odd, but the most − by far − convenient choice comes
with the invariant plane{
r = r˙ = r¨ = 0, χ =
π
2
, χ˙ = χ¨ = 0,
θ = θ⋆ ≡ arctan
√
5
3
, θ˙ = θ¨ = 0
} (20)
around which the fluctuations simplify tremendously. On
this plane, the equations of motion (12)-(16) are satisfied
along with the simple solutions
φ(τ) = −ντ
z(τ) =
e
ν
2
τ
√
10
(21)
where the coefficients including the winding number ν
were identified by the Virasoro constraint (17), while the
signs and the constants were selected to our convenience
without loss of generality [47].
Note that the symmetry analysis on the background
was not necessary to build an embedding. We just used it
to shape a less symmetric string truncation, so as to have
a better chance in non-integrability. Had we not used
those symmetry considerations, we would have chosen a
far more general embedding whose equations of motion
would include a large variety of invariant planes. Never-
theless, all of those planes would eventually descend down
to the invariant plane (20) and its corresponding simple
solution (21) as the only useful option, just through a
way more laborious path.
Next, we expand around the invariant plane in order
to study the dynamical behavior of the system there.
While the r, χ and θ fluctuations around the plane are
generally coupled, such complexity is not eventually
needed in our case. Stated otherwise, we shall study
isolated fluctuations on each one of those dimensions,
around the invariant plane (20) and on the simple
solution (21). We call such a fluctuation a Normal
Variational Equation (NVE).
Fluctuations around the invariant plane To iso-
late the θ-fluctuations around the invariant plane (20), we
expand as θ(τ) = θ⋆+ǫ ϑ(τ) for ǫ→ 0 in the θ-equation of
motion (15), while we keep the other dimensions frozen,
5i.e. {r = r˙ = r¨ = 0, χ = π
2
, χ˙ = χ¨ = 0}. Hence, we
obtain the θ-NVE
ϑ¨(τ) = 0 (22)
which has a Liouvillian solution.
In the same vein, the isolated χ-fluctuations around
the invariant plane occur for χ(τ) = π
2
+ ǫ x(τ) while
{r = r˙ = r¨ = 0, θ = θ⋆, θ˙ = θ¨ = 0}, which however
solves the χ-equation of motion (13) identically and gives
no further insight.
Therefore, we are only left with the r-fluctuations
around the invariant plane (20). To isolate those, we
expand as r(τ) = 0+ ǫ ̺(τ) for ǫ→ 0 in the r-equation of
motion (12), while we keep the other dimensions frozen,
i.e. {χ = π
2
, χ˙ = χ¨ = 0, θ = θ⋆, θ˙ = θ¨ = 0}. Hence, we
obtain the r-NVE
¨̺(τ) − ν ˙̺(τ) + κ
(
κ+
βν e
3ν
2
τ
32
)
̺(τ) = 0 (23)
which is solved for
̺(τ) = c1 JG (f(τ)) e
ντ
2 Γ (1 +G)
+ c2 J−G (f(τ)) e
ντ
2 Γ (1−G)
f(τ) =
√
βκ e
3ντ
2
18ν
, G =
2
√−4κ2 + ν2
3ν
(24)
where c1, c2 are constants and Jn(τ),Γ(z) are the Bessel
function of the first kind and the gamma function, re-
spectively. Before anything, two comments are in place
here. First, if the string windings are such that κ ν < 0,
then f(τ) ∈ I and we just work with the modified Bessel
functions. Secondly, if the windings are such that G ∈ I
then Jn(τ) acquires a purely imaginary order n ∈ I and
gives a complex number z1(τ) ∈ C, while its conjugate
function J−n(τ) gives z
⋆
1(τ). Similarly, Γ(z) with z ∈ C
gives a complex number z2 ∈ C, while Γ(z⋆) gives z⋆2 .
Thus, for G ∈ I, our ̺-solution (24) can be written as
̺(τ) = c1 e
ντ
2 z1(τ)z2 + c2 e
ντ
2 z⋆1(τ)z
⋆
2 (25)
which can only be real for c1 = c2. This is a necessary
condition for the physicality of our solution.
The Bessel function is non-Liouvillian except only for
half integer order n. If n = ±G is imaginary then it can
never be a half integer, anyway. If it is real, on the other
hand, ±G reflects the various configurations of our em-
bedding and thus it cannot be restricted without losing
generality. In other words, we should care about the so-
lution (24) on every value of the winding numbers κ, ν.
Even if there are particular string configurations (for ap-
propriate κ, ν) that are Liouvillian, there are always oth-
ers that are not. Hence, we have ultimately spotted a
string embedding that exhibits non-integrable dynamics.
As a consistency check, note that for β = 0 in (23)
we recover integrability, as we should for an undeformed
and symmetric vacuum. The same holds for κ, ν = 0,
where the string reduces to a point particle on H5×dS5
that cannot feel the H3 flux.
A simpler embedding Since one is never enough,
we shall study another string embedding. We have al-
ready mentioned that had we included extra string co-
ordinate dependence than the one we chose before, we
would have ultimately ended up studying the embedding
(9). Hence, we are lead to build a simpler truncation this
time. It turns out that our most minimal alternative is
to localize the coordinates z = z0 = 1 and χ =
π
2
in our
previous embedding, i.e.
r = r(τ) χ =
π
2
ψ =
π
2
ξ = κσ z = 1
θ = θ(τ) φ = φ(τ) ω1 = ω2 =
π
2
ω3 = νσ
(26)
where κ, ν ∈ Z. The B2 field that couples to the new
embedding reduces to
B2 = −β
4
re−φ sin θ dr ∧ dξ (27)
while the associated Lagrangian density becomes
L = −r˙2 + κ2r2 − θ˙2 + sin2 θ φ˙2 + ν2 cos2 θ
− βκ
2
re−φ sin θ r˙
(28)
Of course, on this embedding too, the equations of mo-
tion for this Lagrangian are equivalent to those of the
σ-model and read
4r¨ = −4κ2r + βκ re−φ
(
sin θ φ˙− cos θ θ˙
)
(29)
4θ¨ = 2 sin 2θ
(
ν2 − φ˙2
)
+ βκ e−φ cos θ r r˙ (30)
4 sin θ φ¨ = −8 cos θ θ˙φ˙ + βκ e−φ r r˙ (31)
These equations are constrained by the worldsheet equa-
tion of motion, i.e. the Virasoro constraint
2Tττ = 2Tσσ = r˙
2 + κ2r2 − sin2 θ φ˙2 + θ˙2 + ν2 cos2 θ = 0
Tτσ = 0
(32)
The worldsheet energy-momentum tensor is conserved,
∇aT ab = 0, since ∂τTττ = ∂σTσσ = 0 on the equations
of motion (29)-(31), yielding also the consistency of our
6embedding. Of course, the associated Hamiltonian sys-
tem here is qualitatively the same as with the previous
embedding.
In this particular case however, under the considera-
tions − again − of consistency and of including the H3
flux contribution, there is only one invariant plane that
serves our cause. That is{
r = r˙ = r¨ = 0, θ =
π
4
, θ˙ = θ¨ = 0
}
(33)
Note that, while for the previous embedding the choice
θ = π
4
was excluded since it lead to useless invariant
planes, here it constitutes our only option. This is indeed
the unique plane that does the job and on which the
equations of motion (29)-(31) are satisfied, along with
the simple solution
φ(τ) = −ντ (34)
where the coefficient was identified with the winding
number ν through the Virasoro constraint (32), while
the sign was again selected for our convenience without
loss of generality. For one last time, we move on to study
the isolated fluctuations around the invariant plane (33)
and on its associated simple solution (34)
Obviously, the θ-fluctuations are again trivial and so
we are left to study the fluctuations along r. We expand
r(τ) = 0 + ǫ ̺(τ) for ǫ → 0 in the r-equation of motion
(29), while we keep θ frozen, i.e. {θ = π
4
, θ˙ = θ¨ = 0}.
Hence, we obtain the r-NVE
¨̺(τ) + κ
(
κ+
√
2 βν eντ
8
)
̺(τ) = 0 (35)
which is solved for
̺(τ) = c1 JG (f(τ)) Γ (1 +G)
+ c2 J−G (f(τ)) Γ (1−G)
f(τ) =
√
βκ eντ√
2ν
, G =
2iκ
ν
(36)
where c1, c2 are constants and Jn(τ),Γ(z) are the Bessel
function of the first kind and the gamma function, re-
spectively. Again, if the string windings are such that
κ ν < 0, then f(τ) ∈ I and we just work with the mod-
ified Bessel functions. Also, as explained for the case of
the previous solution (24), since the order n = ±G of
the Bessel function is purely imaginary, it can never be
a half integer (that gives a Liouvillian solution) while it
must necessarily hold that c1 = c2 for the physicality of
our solution (36). Hence, we have spotted another non-
integrable fluctuation of the string.
Again, as a consistency check, note that for β = 0 in
(35) we recover integrability, as we should for the unde-
formed vacuum. The same holds for κ, ν = 0, where the
string reduces to a point particle on H5×dS5 that does
not couple to the Kalb-Ramond field.
As indicated repeatedly, the invariant planes we have
studied so far are the unique solutions that consis-
tently incorporate the H3 flux contribution. Neverthe-
less, in case we want to be persistent and make the non-
integrable character of the system manifest in an addi-
tional way, we could go for a more involved string em-
bedding. In particular, we could build a spinning string
by letting
ξ(τ, σ) = κσ + Ξ(τ) ω3(τ, σ) = νσ +Ω(τ) (37)
in the previous embeddings, (9) and (26). Choosing that
truncation, worldsheet consistency conditions (on neces-
sarily similar invariant planes) drop the dynamics down
to the exact same results we found for the simpler em-
beddings.
As an additional consistency check, we can repeat ev-
erything we have done so far in Euclidean signature, i.e.
on the Euclidean AdS5×S5. In order to do this, we Wick
rotate the target space in (1) as φ→ iϕ while we pick −
for consistency − an also Euclidean worldsheet. Again,
we acquire the exact same results up to certain factors.
Since an integrable structure exhibits its homonymous
property on all of its sectors, we deduce that the dy-
namical sector we studied and, therefore, the whole su-
pergravity background under consideration are classically
non-integrable.
EPILOGUE
Ultimately, we have proven that string theory on the
vacuum dual to the Ω-deformed N = 4 SYM, recently
proposed in [26], is classically non-integrable in the Li-
ouvillian sense. Using the broken symmetries (by the
H3 flux) of the background, we constructed appropriate
string embeddings and studied their fluctuations around
simple solutions of their equations of motion. Since par-
ticular fluctuations turned out to be non-Liouvillian for
a general string configuration, we declared the whole the-
ory as non-integrable.
Notice that, contrary to the usual method of analytic
non-integrability, on this particular analysis we did not
have to enforce differential Galois theory and Kovacic’s
theorem on differential equations of motion. That is, we
reached exact non-Liouvillian solutions given in terms of
the Bessel function of the first kind, of no half-integer
order for a general string configuration.
Since the supergravity background we examined is dual
to the Ω-deformed N = 4 SYM, holography dictates that
the statement of non-integrability must be shared by the
gauge theory as well. Hence, apart from being just a del-
icate Hamiltonian mechanics problem, the present work
7suggests that the Ω-deformation does not preserve clas-
sical integrability.
However, a non-integrable theory may possess inte-
grable subsectors or limits. In the Ω-deformed theory,
this is obviously true on the grounds of the existing
literature that associates this deformation with various
integrable structures, as noted in the introduction.
Therefore, the ontology of the regimes of integrability
is worthy of further examination. More interestingly
though, given the Ω dual background (1), a valuable
study would be based on its Kalb-Ramond field which
realizes the Ω-deformation itself. In particular, special
vacua or limits of string theory on this supergravity
background could investigate the action of this B2 field
on the associated string states, while − in that case −
holography should be in place to shed light on their dual
Ω-deformed field theory subsectors.
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